We establish a kind of resource conversion relationship between quantum coherence and entanglement in multipartite systems, where the operational measures of resource cost and distillation are focused on. The coherence cost of single-party system bounds the maximal amounts of entanglement cost and entanglement of formation generated via multipartite incoherent operations. The converted entanglement in multipartite systems can be further transferred to subsystems or restored to coherence of single party by means of local incoherent operations and classical communications. The similar relations also hold for distillable coherence and entanglement. As an example, we present a scheme for cyclic interconversion between coherence and entanglement in three-qubit systems under full incoherent operations scenario. Moreover, we also analyze the property of genuine multi-level entanglement by the initial coherence and investigate resource dynamics in the conversion.
I. INTRODUCTION
Quantum entanglement [1, 2] , as an important physical resource, has been widely applied to quantum communication and quantum computation, such as quantum teleportation, quantum key distribution, one-way quantum computation and so on (see a review paper [3] ). In recent years, quantum coherence [4, 5] has also been formulated as a physical resource in quantum information processing and becomes a vivid research topic [6, 7] . Both kinds of the resources can be considered as the particular manifestation of the superposition principle in quantum mechanics, and their interplay has attracted a lot of attentions. For example, the resource consumption in the tasks of quantum state preparation and quantum state merging [8] can be quantified by pairs of quantum coherence and entanglement [9, 10] . Moreover, unified characterization and operational relations between the two kinds of resource measures were analyzed [11] [12] [13] [14] [15] .
It is a practical problem to investigate the resource conversion between quantum coherence and entanglement under certain operation constraints. Streltsov et al first showed that single-party quantum coherence with respect to some fixed basis can be converted to entanglement via bipartite incoherent operations [16] . On the other hand, Chitambar et al provided the upper bound of assisted coherence distillation (ACD) from bipartite systems to one of the subsystems by local quantum incoherent operations and classical communications (LQICC) [17] . Other effective resource conversion methods for nonclassicality, quantum correlations and nonlocality were also presented [18] [19] [20] , and some key experimental progresses have been made in the optics and superconductor systems [21] [22] [23] [24] .
In the quantum resource theory (QRT) [25] , there are two basic operational processes: one is the so-called resource * Electronic address: zwang@hku.hk † Electronic address: ykbai@hebtu.edu.cn distillation, and the other is resource formation. Motivated by these processes, Winter and Yang established operational resource theory of coherence by focusing on the distillable coherence and coherence cost [26] , which corresponds to the distillable entanglement [27] and entanglement cost [28] in the QRT of entanglement. It is desirable and necessary to study the operational resource conversion between quantum coherence and entanglement, especially in multipartite systems. It is noted that the ACD in the LQICC scenario can generate coherence in the assisted subsystems, since local quantum operations are not incoherent operations in general. Thus a cyclic resource conversion of coherenceentanglement-coherence should be considered within the full incoherent operations scenario. In addition, since entanglement in many-body systems is a complex problem, and it is meaningful to characterize the entanglement property via quantum coherence in the resource conversion. Meanwhile, the resource dynamics of quantum coherence and entanglement in the conversion needs to be addressed, because quantum systems interact unavoidably with the environment in realistic quantum information processing.
In this paper, we study the resource conversion relation between quantum coherence and entanglement in multipartite systems, where the operational measures for resource distillation and resource cost are focused. It is shown that the initial coherence of single-party system bounds the maximal amount of the operational entanglement generated via multipartite incoherent operations. Furthermore, the converted multipartite entanglement can be transferred to subsystems and restored to the coherence of single-party by local incoherent operations and classical communication (LICC). As an important application, a full incoherent operation version of cyclic resource conversion protocol for coherence-entanglement-coherence is presented in three-qubit systems. In addition, we show that the coefficients of the single-party coherent state in the resource conversion can determine whether the generated quantum state is genuine multi-level entangled. Finally, the resource dynamics under the depolarization noise is investigated in the conversion.
II. OPERATIONAL RESOURCE CONVERSION IN MULTIPARTITE SYSTEMS
In the QRT, a free state is the one without possessing a defined resource, and free operation is the operation mapping between two free states. In regard to the operational resource characterization, resource distillation is a transformation from a mixed state to the unit resource, and resource formation is the reverse transformation from the unit resource to a mixed state, where both of the transformations are restricted to free operations. For entanglement theory, two motivated measures arising from the two operational tasks are distillable entanglement and entanglement cost [3] ,
where r is the optimal rate in the tasks, || · || 1 trace norm,
and Γ local operations and classical communications (LOCC) being the free operation in resource theory of entanglement. It is noted that entanglement cost is not equal to the well-known entanglement of formation E f (ρ) in general [30, 31] .
In the coherence resource theory formulated by Baumgratz et al [4] , the free state has the form σ = i p i |i i| with {|i } being a fixed reference basis in finite dimensions, and the free operation is an incoherent operation specified by a set of Kraus operators {K l } satisfying l K † l K l = I and mapping incoherent state to incoherent state. The unit coherence resource is the maximal coherent pure state Ψ 2 = 1 2 1 i,j=0 |i j|. The coherence distillation is the process that extracts unit coherence from a mixed state by incoherent operations, and the dual coherence formation is a process that prepares a mixed state by consuming unit coherent states under incoherent operations. Winter and Yang proved that, in the asymptotic limit of many copies of a state, distillable coherence and coherence cost can be quantified by simple singleletter formulas [26] 
where C r (ρ) is the relative entropy of coherence [4] with S(ρ) = −Trρlog 2 ρ being the von Neumann entropy and ∆(ρ) = i i|ρ|i |i i|, and C f (ρ) is the coherence of formation with the minimum running over all the pure state decompositions ρ = i p i |ψ i ψ i |. Quantum coherence and entanglement are two kinds of fundamental nonclassical resources that can each be characterized within an operational resource theory. It is desirable to study the operational resource conversion between them. Here, as quantified by operational resource measures, we consider the conversion of coherence-entanglement-coherence in multipartite systems under the full incoherent operations scenario. We first consider the conversion from quantum coherence to entanglement in multipartite systems. Theorem 1. Given an incoherent operation Λ I applied to a single-party coherent state ρ A and ancillary incoherent state σ B1B2...Bn = ⊗ n i=1 σ Bi , the generated operational entanglement is upper bounded by the operational coherence of singleparty system
where the coherent state has the form ρ A = mn ρ mn |m n|.
Proof.-We first prove the relation in Eq. (5). Since the distillable coherence is equal to the relative entropy of coherence [26] , we have
where σ A is the closest incoherent state to ρ A in the first equation, the additive and contractive properties of relative entropy [32, 33] are used in the second equation and the first inequality, the result of the second inequality comes from the definition of the relative entropy of entanglement, and the last inequality is due to the fact that the relative entropy of entanglement is the upper bound of distillable entanglement [34, 35] . Then, we prove the second relation in Eq. (6) . Because the equality C c (ρ A ) = C f (ρ A ) and the additivity of coherence of formation, we can obtain
where the monotone property of C f under incoherent operations is used in the first inequality, the second inequality holds due to the property C f (̺) ≥ E f (̺) [13] , and the last equation comes from the relation that entanglement cost is equal to the regularized entanglement of formation [28] . For the case of single copy of coherent state ρ A , we can deduce that
by a similar analysis. Although the two operational entanglements E c (̺) = E f (̺) in general [31] , we get that the coherence of formation in single-party system C f (ρ A ) is not less than the maximum and then Eq. (6) is satisfied, such that we complete the proof of the theorem. Now we consider the optimal conversion from the coherences to quantum entanglement. In bipartite systems, it was shown that the generalized controlled-Not operation is the optimal incoherent operation [16] , when the ancilla is in the zero state |0 . Here, it is straightforward to check that the multipartite generalized controlled-not transformation: |i |j 1 
is the optimal multipartite incoherent operation, when the state of the ancillas is σ B1...Bn = |0 0|
⊗n . Under the optimal multipartite incoherent operation, the generated multipartite quantum state is
ρ mn |mm . . . m nn . . . n|, (7) which is the so-called maximally correlated state (MCS) [36] and is multipartite entangled since all its reduced states are separable. For the case of MCS, we have the desired proper-
, which makes all the relations in Theorem 1 saturated and the inequalities become equalities.
Next, we consider the resource conversion from entanglement to quantum coherence. In Ref. [17] , the authors introduced a task of ACD in bipartite systems, where both parties work together to generate the maximal possible coherence on one of the subsystems and the operations are limited to the LQICC. It is noted that the task does not limit the output of the coherence in the assisted subsystem and local quantum operations can generate quantum coherence on the subsystem (for example, the projection measurement |+ +| with |+ = (|0 + |1 )/ √ 2). Here the resource conversion of coherence-entanglement-coherence is considered in which the generated entanglement comes from the incoherent operations. Therefore, in the conversion from quantum entanglement to coherence, it is desirable to confine the operations to the LICC [29] which is the free operation for the resource conversion in the whole multipartite system and can not generate quantum coherence in the assisted systems. In this case, we have the following results.
Theorem 2. When a multipartite system is in the maximally correlated state ρ mc AB1B2...Bn , the coherences converted from operational entanglements via the LICC obey the following relations
where Λ LICC is the transformation under the LICC, and
is the reduced state of the multipartite system withr being the traced subsystem.
Proof.-We first prove the relations in Eq. (8) . For the MCS, the property
...Bn ) holds, and then we have the first inequality according to C d being monotone under the free operation Λ LICC . With the relation C d (̺) = C r (̺) and the property that the relative entropy of a state is not increasing after tracing a subsystem out [33] S(Tr p ρ||Tr p σ) ≤ S(ρ||σ),
where Tr p is a partial trace, we can obtain the second inequality. Next, we analyze the relations in Eq. (9) . For the MCS, it was shown in Ref. [13] that the entanglement of formation is equal to the coherence of formation E f (ρ mc AB1B2...Bn ) = C f (ρ mc AB1B2...Bn ). Therefore, the first inequality is satisfied due to the coherence of formation is monotone under the LICC. Furthermore, via the concavity of von Neumann entropy, we can get the entropy of diagonal state ∆(ψ i ) is not increasing after a partial trace, i.e.,
Combining the above property with the convexity of C f , we have the second inequality in Eq. (9), and then proof of the theorem is completed.
According to Theorem 2, we know that the converted coherence in multipartite systems by means of the LICC is upper bounded by the operational quantum entanglement in the multipartite MCS, and the coherence of arbitrary subsystems is not greater than the corresponding entanglement too. In addition, since the LICC is a subset of the LOCC and quantum entanglement is monotone under the LOCC, we have the following corollary.
Corollary 1. In the conversion from entanglement to quantum coherence under the LICC scenario, the operational entanglements in the multipartite systems do not increase,
where ρ γ = Trγ(Λ LICC (ρ mc AB1B2...Bn )) is the reduced state of multipartite systems withγ being the traced subsystem.
In the optimal conversion from the entanglement of multipartite MCS to quantum coherence, the local incoherent operation can be chosen to be the Kraus operators K j = |j ϕ j | with |ϕ j = 1/ √ d k e iφ j k |k being the mutually orthogonal maximally coherent state and j = 0, 1, . . . d − 1 (in fact, all the mutually unbiased bases [39] [40] [41] except for the coherencedependent basis can be used in the incoherent measurement). After the incoherent measurement K j is performed on a subsystem, the quantum state of the remained subsystems can be transformed to the MCS form with the help of classical communications (measurement result on the j) and an incoherent unitary operation U j = k e iφ j k |k k| [29] . In this case, due to the state of remained subsystem being the MCS and having the same nonzero matrix elements, the operational entanglement is transferred to the subsystem and keeps the same amount. Repeating the incoherent measurement and the incoherent unitary operation on all the subsystems B i , the quantum state of remained subsystem A becomes ρ A = d m,n=1 ρ mn |m n| and the coherence of single-party is restored. Moreover, it is a similar case to convert the entanglement to the coherence of an arbitrary single-party subsystem. Thus, we have completed the characterization on resource interconversion between quantum coherence and entanglement in multipartite systems under full incoherent operations scenario, where the operational resource measures are focused. Recently, a cyclic interconversion between coherence and quantum correlation has been investigated experimentally on bipartite optical systems [22] . Since the relative entropy of quantum discord [42] [43] [44] is equal to the relative entropy of entanglement for the MCS, the experiment is also a conversion between quantum coherence and entanglement.
Here we show that the cyclic interconversion can be generalized to operational resource measures for multipartite systems within a full incoherent operation scenario. As shown in Fig.1 , a schematic diagram is given for the cyclic interconversion protocol of coherence-entanglement-coherence in three-qubit systems. The initial coherent state is ρ A = 1 m,n=0 ρ mn |m n| and the states of ancillas are σ B = σ C = |0 0|. In the conversion from quantum coherence to entanglement, the optimal incoherent operation is the generalized tripartite controlled-not gate, which can be realized by two controlled-not gates. Then the output state of the tripartite system is the MCS and can be expressed as ρ mc ABC = 1 m,n=0 ρ mn |mmm nnn|, which is a genuine three-quibt entangled state according to the entanglement indicator [45, 46] (12) where, for the state ρ mc ABC , the value of τ SEF is nonzero and directly proportional to the modulus of nondiagonal matrix element |ρ 01 |. Next, the tripartite entanglement can be transferred to bipartite systems by an incoherent measurement {K j } with the Kraus operators K 0 = |0 +| and
Via the classical communication (j = 0 or 1) between subsystems B and C, the observer B performs the corresponding incoherent operation ∆ j on subsystem B where ∆ 0 = I 2 and ∆ 1 = σ z . After the operation ∆ j , the three-qubit entanglement transfers to two-qubit systems and the quantum state is ρ LICC AB = ρ mc AB = 1 m,n=0 ρ mn |mm nn|. Furthermore, the two-qubit entanglement can be converted to single-party quantum coherence of subsystem A by a set of similar incoherent operations {K j′ , ∆ j′ } assisted by classical communications about the incoherent measurement result j ′ = 0 or 1. After these incoherent operations, the restored coherence in quantum state ρ LICC A by the LICC protocol is the same as that of the initial coherent state ρ A . In summary, the cyclic resource conversion satisfies the following relations
where the amounts of distillable resource and resource of formation are not equal in general since both entanglement resource theory and coherence resource theory are irreversible. In a similar way, the cyclic resource conversion can be further generalized to multipartite multi-level systems.
III. GENUINE MULTI-LEVEL ENTANGLEMENT AND RESOURCE DYNAMICAL PROPERTIES
Entanglement of high-dimensional quantum systems is an important resource, which can enhance the capabilities of certain quantum communication protocols [47, 48] . Although two Bell pairs can mimic the test of nonlocality [49] in a 4 × 4 entangled state, there exist the genuine 4-dimensional entangled states which cannot be decomposed into two Bell states [50, 51] . Kraft et al presented a general theory to characterize the genuine multi-level entanglement [52] . In particular, for the two-ququart state after the Schmidt decomposition |ψ AB = s 0 |00 + s 1 |11 + s 2 |22 + s 3 |33 (with the assumption s 0 ≥ s 1 ≥ s 2 ≥ s 3 ), they prove that the quantum state |ψ AB is decomposable if and only if the determinant of matrix S = [s 0 , s 1 ; s 2 , s 3 ] is zero.
In the resource conversion from quantum coherence to entanglement, the generated quantum state is a multi-level entangled when the input state is multi-level coherent. It is an interesting problem that whether or not one can judge the multilevel entanglement property via the initial quantum coherent state. Here, we consider a four-level coherent state
where, without loss of generality, we assume that the moduli of amplitudes obey the relation |α 0 | ≥ |α 1 | ≥ |α 2 | ≥ |α 3 |. In the optimal bipartite resource conversion, the generated entangled state is a four-level MCS ρ mc AB = |ϕ ϕ| AB with |ϕ AB = α 0 |00 + α 1 |11 + α 2 |22 + α 3 |33 , and its multilevel entanglement property is related to the coefficients of initial coherent state. After analyzing the determinant of S matrix for the MCS, we can obtain the following observation. Observation 1. The generated two-ququart state |ϕ AB in the optimal resource conversion is decomposable if and only if the coefficients of initial coherent state satisfy the relation
and the quantum state is the genuine multi-level entangled when the equality is violated. We note that, when the initial coherent state can be decomposed into the tensor product state of two qubits |ϕ A = (a|0 + b|1 ) A1 ⊗ (c|0 + d|1 ) A2 , the equality in Eq. (16) is satisfied and then the generated entanglement in the conversion is decomposable. However, when the initial coherent state is not tensor product, for example, |ϕ A1A2 = α|+ |0 + β|− |1 , the output entangled state is also decomposable. Therefore, we conclude that the decomposable property of initial coherent state is only a sufficient but not necessary condition for the decomposable property of the generated entangled state in the resource conversion.
Resource dynamics is a fundamental problem in the practical quantum information processing, because quantum systems interact unavoidably with the environment and may lose their quantum coherence or entanglement. In the operational resource conversion between quantum coherence and entanglement, it is worth to analyze the dynamical behaviors of two kinds of resources under the typical noise environment. Here, we investigate the case of the optimal conversion in three-qubit systems as shown in Fig. 1 . The initial coherent state is chosen to be |ψ A = α|0 + β|1 with real coefficients and the output MCS has the form |ψ mc ABC = α|000 + β|111 after the operations of two controlled-not gates. The noise environment we consider is the depolarizing channel E(ρ) = pI/d + (1 − p)ρ [53] with the parameter p being the depolarization probability, under which the coherent state and the converted entangled state are ρ ε A = E(|ψ A ψ|) and ρ ε ABC = E(|ψ mc ABC ψ|), respectively. After some calculation, we can obtain the values of two operational coherence measures
where
is the binary entropy, and the parameters are x 1 = (1 − p)α 2 + p/2 and x 2 = 2(1 − p)αβ, respectively. The distillable entanglement is very difficult to compute in a generic mixed state, but the measure E d is upper bounded by the logarithmic negativity E N (ρ) = log 2 ||ρ TA || 1 [54] . On the other hand, Chen et al give a tight lower bound for entanglement of formation in arbitrary bipartite mixed states and, for the qubit-qudit system, the lower bound can be expressed as a binary entropy func-
in which Λ can be the trace norm ||ρ TA || 1 (or the norm of realignment matrix) [55] . For the generated entangled state under the depolarizing channel, we can derive the corresponding bounds of the operational entanglement measures,
where the parameters are ζ = max[0,
TA || 1 , respectively. In Fig.2 , we plot the operational resource measures along with the depolarization parameter p and the state coefficient α, where the coherences C d and C f decay in an asymptotic way but the entanglements E
UB d
and E LB f disappear in a finite time (i.e., entanglement sudden death, ESD). After some calculation, we have the ESD lines for the distillable entanglement and entanglement of formation in the figure which have the same expression, These behaviors coincide with the previous study on quantum correlation dynamics [56] [57] [58] [59] , where quantum systems experience disentanglement in a finite time under the noise environment, even if their coherence is lost asymptotically. According to these properties of resource dynamics as shown in Fig.2 , the observers should further convert the multipartite entanglement into quantum coherence by the LICC protocol of coherence distillation when they want to keep the operational quantum resource for a long time.
IV. CONCLUSION
Quantum coherence and entanglement are two important kinds of physical resources in quantum information processing. In this paper, we have focused on the operational measures of resource cost and distillation and establish the interconversion relations in multipartite systems. It is proved that, given an incoherent operation applied to a single party coherent state and ancillary incoherent states, the output operational entanglements are upper bounded by the operational quantum coherences of single party system. Furthermore, at the next stage, we show that the quantum coherences converted from the multipartite entanglement via the LICC protocol are not larger than the operational entanglements of the MCS. It is noted that, in contrast to the LQICC protocols, the LICC scheme has the merit that does not generate coherence in the assisted systems and keeps the coherence of the whole multipartite system from increasing. Moreover, since the LICC is a subset of the LOCC, the operational entanglements in the multipartite system and its subsystems do not increase in the conversion.
In the optimal resource conversion of coherence-entanglement-coherence, the multipartite incoherent operation in the entanglement generation can choose the generalized controlled-not gate and the local incoherent operations in the ACD can choose the sets of local incoherent measurement and incoherent unitary transform {K j , ∆ j } assisted by classical communications about the measurement result j. As an example, we give a cyclic conversion protocol in three-qubit systems under the full incoherent operation scenario, where the operational quantum resources can freely interconvert without loss. High-dimensional entanglement can enhance the capabilities of quantum communication protocols. There exists the genuine multi-level entangled state which cannot be decomposed into the product of two copies of low-dimensional entangled states. In the optimal resource conversion, when the initial coherent is multi-level, the generated quantum state is multi-level entangled too. We have analyzed the case of 4 × 4 entangled states and showed that the generated two-ququart state |ϕ AB is decomposable if and only if the coefficients of initial coherent state satisfy certain relation. It is pointed out that the decomposability of initial coherent state is not equivalent to that of the generated multi-level entangled state, and the former is just a sufficient but not necessary condition for the latter.
Finally, we have investigated the resource dynamics of quantum coherence and entanglement under the depolarizing channel. The operational coherences and the corresponding entanglements have distinct dynamical behaviors as shown in Fig. 2 , where the coherences decay asymptotically but the corresponding entanglements exhibit the ESD phenomenon. In this case, the further ACD via the LICC is worth to consider since the coherence is more robust than entanglement.
